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A GUIDANCE SCHEME FOR L U "  DESCENT BASED 
ON LINEAR PERTURBATION THEORY 
By Kenneth C.  White and Ph i l l i p s  J. " n e 1 1  
Ames Research Center 
SUMMARY 
A three-dimensional guidance scheme f o r  descending from lunar o rb i t  t o  a 
hovering posi t ion w a s  developed and analyzed. The scheme i s  based on the  
l inear  theory of perturbations about a nomina.1 reference t r a j ec to ry  and uses 
thrus t  acceleration and th rus t  or ientat ion angles as var iables  i n  the  control  
equations. It a l l o w s  the  preselection of a l u n a r  landing s i t e  from a wide 
range of i n i t i a l  conditions and permits guidance within the  r i g i d  constraints  
proposed f o r  LEM. The specif ic  control  equations are  f u l l y  developed i n  the  
report .  Guidance capabi l i ty ,  the  e f f ec t  on guidance capabi l i ty  of reducing 
the  t a rge t  s ize ,  and f u e l  consumption are  considered i n  d e t a i l .  An analog 
computer w a s  used f o r  the  invest igat ion and the  basic r e su l t s  were checked by 
means of a d i g i t a l  computer program. 
INTRODUCTION 
The powered descent from lunar o rb i t  t o  a hovering posit ion near the  
lunar surface i s  c r i t i c a l  f o r  various reasons. The vehicle w i l l  be required 
t o  reach a preselected hovering point,  and r e s t r a i n t s  on posi t ion and ve loc i ty  
w i l l  be very s t r ingent .  The amount of propellant required w i l l  influence the  
ear th  launch requirements and the  payload delivered t o  the  lunar surface.  
Excessive f u e l  consumption during the powered descent would reduce hovering 
time, thus l imit ing the  tirne allowed f o r  select ing a desirable landing s i t e .  
These are  some of the  major  problems of a lunar descent. 
Various guidance schemes have been investigated f o r  t he  powered lunar 
descent (e.g. ,  r e f s .  1-6).  A two-dimensional guidance scheme f o r  lunar 
descent w a s  developed i n  reference 1. It w a s  based on l inear  perturbation 
theory and two types of reference t r a j ec to r i e s ,  the gravity-turn and constant 
pi tch-rate  maneuvers. The purpose of t h i s  report  i s  t o  extend the  two- 
dimensional gravity-turn study of reference 1 t o  a f u l l  three -dimensional 
analysis .  In  addition, a d i f f e ren t  variable , t h rus t  acceleration ra ther  than 
t h r u s t ,  w i l l  be used i n  the  guidance equations because it i s  more readi ly  
measured. The control  equations thus d i f f e r  f r o m  those of reference 1 and new 
two-dimensional guidance r e s u l t s  are  presented. The specif ic  equations nec- 
essary f o r  three-dimensional guidance are developed i n  the  appendix. Detailed 
f u e l  consumption da ta  are presented t o  show the  eff ic iency of the  guidance 
system. 
The e f f ec t  on guidance capabi l i ty  of reducing the  t a rge t  area and of 
i n i t i a l  e r ro r s  i n  vehicle f l igh t -pa th  angle i s  a l so  shown. 
The performance of t h e  guidance system w a s  investigated by simulating the  
system and mechanizing the  equations of motion on an analog computer. 
basic  r e s u l t s  were checked using a d i g i t a l  computer program. 
The 
The authors are  indebted t o  Dr. Richard Rosenbam of Lockheed Missiles 
and Space Company f o r  pointing out t he  advantages of using th rus t  accelerat ion 
as a cont ro l  var iab le .  
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product of universal  g rav i ta t iona l  constant and m a s s  of planet 
range angle (sketch ( a ) ) ,  rad. 
t h rus t  angle (sketch ( c )  ) , rad 
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Subscripts 
a ac tua l  
f f i n a l  
i i n i t i a l  
j ,k summing indices 
r reference 
LUNAR LANDING APPROACH 
Figure 1 i s  a schematic diagram of a lunar  landing maneuver. It i s  
assumed tha t  a manned space vehicle enters  a 160 km (100 s t a t u t e  miles) circu- 
l a r  o r b i t  about the moon from a d i r ec t  earth-moon t ra jec tory .  The vehicle 
then performs a t ransfer  maneuver, which places it i n  an e l l i p t i c a l  lunar  
o r b i t  with a perilune of 22,900 m (75,000 f t )  and makes a powered descent 
f r o m  perilune.  
The Hohmann t ransfer  maneuver i s  assumed here; however, any t ransfer  
maneuver t h a t  w i l l  place the vehicle i n  a lunar  o r b i t  with a perilune of 
22,900 m (75,000 f t )  could be used. 
developed f o r  the  descent from perilune and does not include the  t r ans fe r  
maneuver. 
The guidance scheme i n  t h i s  report  i s  
REFEFENCE TRAJECTORY 
The nominal or reference t r a j ec to ry  chosen as a bas is  f o r  developing the 
guidance system i s  the same constant-thrust  gravity-turn descent t r a j ec to ry  
that w a s  considered i n  reference 1. It begins a t  perilune of the e l l i p t i c  
t ransfer  o r b i t  and terminates at the hover a l t i t u d e  of 300 m (1,000 f t ) .  The 
i n i t i a l  a l t i t ude  i s  22,900 m (75,000 f t )  and the  t r a j ec to ry  traverses approx- 
imately 300 km (190 s t a t u t e  miles) of lunar surface. Per t inent  quant i t ies  OT 
the  reference t r a j ec to ry  a re  shown i n  f igure  2. 
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The gravity-turn reference t r a j ec to ry  w a s  chosen primarily because it i s  
convenient and requires  less than 5 percent more charac te r i s t ic  ve loc i ty  than 
an optimum t r a j ec to ry  beginning at the  same perilune a l t i t ude  ( r e f .  7 ) .  
PERFORMANCE CRITERIA 
I n  t h i s  invest igat ion the ta rge t  area w a s  assumed t o  be 300 km (190 miles) 
from the reference t r a j ec to ry  perilune. The dimensions of the t a rge t  area a re  
the same as those m e d  i n  reference 1, t h a t  i s ,  a l t i t ude ,  k l 5 O  m (+5OO f t ) ,  and 
range, ? l , 5 O O  m (+5,000 f t ) .  
i s  assumed f o r  crossrange. The center of the t a rge t  a rea  i s  at the hover alti- 
tude of 300 m (1,000 f t ) .  
t h i s  report ,  a re  based on the a b i l i t y  of the vehicle t o  reach t h i s  t a rge t  a rea  
with l e s s  than 3 mps (10 fps )  ve r t i ca l  ve loc i ty  and l e s s  than 3 mps (10 fps )  
t o t a l  veloci ty .  Performance capabi l i t i es  based on t a rge t  areas tha t  are 1/2 
and 1 /4  of the aforementioned t a rge t  area a re  a l so  presented and compared with 
the capabi l i t i es  based on the nominal t a rge t  area.  The comparison gives some 
indicat ion of the e f f ec t  of t a rge t  area dimensions on the guidance system 
capabi l i ty .  
An addi t ional  dimension of +1,500 m (?5,000 f t )  
Performance capabi l i t i es ,  presented elsewhere i n  
No performance c r i t e r i a  were selected f o r  fuel  consumption; f u e l  consump- 
t i on  data f o r  the t r a j e c t o r i e s  investigated a re  presented simply t o  ind ica te  
the f u e l  necessary t o  a t t a i n  the guidance capab i l i t i e s .  
INITIAL CONDITIONS 
I n  t h i s  invest igat ion i n i t i a l  perilune a l t i t udes  were considered up t o  
59,200 m (k35,OOO f t )  from the  reference and i n i t i a l  ranges, 240 t o  900 km 
(1.50 t o  560 miles) from the ta rge t .  
imately 300 km (190 s t a t u t e  miles).. 
160 km (100 s t a t u t e  miles) outside the plane of the reference t ra jec tory  were 
also considered. The expected errors  i n  a l t i t ude ,  range, and crossrange f o r  a 
LEM mission are  considerably smaller than the spread of i n i t i a l  conditions 
considered here. 
The reference t ra jec tory  range i s  approx- 
I n i t i a l  l a t e r a l  displacements up t o  
GUIDANCE EQUATIOn 
The concept of guidance about a nominal or reference t r a j ec to ry  i s  based 
on perturbation theory, t h a t  i s ,  the  analysis  of conditions i n  a l imited 
neighborhood of a nominal t r a j ec to ry .  The basic l i nea r  perturbation theory 
guidance equation i s  developed i n  reference 1. To control  a l t i t ude  above the  
lunar surface, h, range, X ,  and l a t e r a l  range, Y ,  at the  hover point,  the  
quant i t ies , thrust  acceleration, 4, th rus t  p i t ch  angle, 8 ,  and th rus t  yaw 
angle, q,  are  varied.  Thrust acceleration ra ther  than th rus t  i s  the  control  
variable because it i s  more eas i ly  measured, t he  number of terms i n  the  guid- 
amce equations are reduced, and deviations i n  t h r u s t  and mass from t h e i r  
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nominal values are  accounted f o r  by one readi ly  avai lable  measurement. Thus, 
fewer guidance gains are  required and l e s s  onboard computer storage i s  
required. 
The specif ic  guidance equations used i n  t h i s  invest igat ion are  developed 
i n  the  appendix. They are: 
. I k ( V )  = b r ( V )  + F?(V)Sh + F?(V)Gx + FF(V)6y 
0 ( V )  = €Jr(V) +F;(V)W +Fx(V)6x e +F;(V)8y 
$(V)  = q r ( V )  + F;(V)SY + F'(V)S( 5 
where t o t a l  
between the 
gains 
veloci ty ,  V,  i s  t h e  independent var iable ,  6 (  ) i s  the  difference 
ac tua l  and reference value, ( )a - ( )r ,  and F are  the  guidance 
defined i n  the  appendix. 
To ta lve loc i ty ,  V,  r a ther  than time, w a s  chosen as the  independent 
var iable  t o  reduce the  number of terms i n  equations (1) by one, thus simplify- 
ing the  equations and reducing information storage requirements. 
A f l o w  diagram of the  guidance system operation i s  given i n  f igure  3 i n  
terms of a general  guidance equation. Note t h a t  t he  reference s t a t e  variables, 
reference control  var iables ,  and guidance gains are  stored as functions of t he  
independent variable ve loc i ty .  Control increments are  computed on the  bas i s  
of differences between the  ac tua l  t r a j ec to ry  and the  reference t r a j ec to ry  at a 
given ve loc i ty .  
The guidance equations with th rus t  acceleration, +, used as a control  
var iable  allow the  e f f ec t  of' perturbations i n  th rus t  and m a s s  from t h e i r  
nominal values t o  be combined in to  a single term %. 
GUIDANCE GAINS 
The calculated l i nea r  theory guidance gains associated with equations (1) 
are  shown i n  f igure  4. 
l a t i ng  the  guidance system on an analog computer. Because of t he  l imited 
storage capacity of t h i s  computer, t he  guidance gains were stored f o r  17 
veloc i ty  points  with l inear  interpolat ion between p i n t s .  To insure accu- 
racy i n  s tor ing the  gains within the  scaling and storage r e s t r i c t i o n s  of the  
analog equipment, t he  gains were l imited as indicated by t h e  dashed l i nes  of 
f igure  4 .  
The performance capabi l i ty  w a s  investigated by simu- 
A n  important resul t  of reference 1 w a s  t h a t  t he  guidance capabi l i ty  could 
be g rea t ly  increased by weighting the  guidance gains empirically.  In the  
5 
present study the  gains i n  f igure  4 w e r e  increased and decreased individually,  
and it w a s  found t h a t  increasing the  gain 
a factor  of 1.5 subs tan t ia l ly  improved the  guidance capabi l i ty .  
emphasized t h a t  these f ac to r s  are  not optimum i n  any w a y .  
of the inore e f f ec t ive  values of t he  guidance gains discovered by increasing 
and decreasing the  gains individually.  
same value of ve loc i ty  as were the  gains i n  f igure  4, and no attempt w a s  made 
t o  adjust  more than one gain at a time. There are various methods of adjust-  
ing the  gains; one simple method would be t o  change the  value of veloci ty  at 
which t h e  gains were l imited.  
adjustments which would s imilar ly  increase capabi l i ty  but no attempt w a s  made 
t o  f ind  any optimum s e t  of guidance gains .  The in ten t  i s  simply t o  show t h a t  
t he  guidance capabi l i ty  can be improved i n  a manner s imilar  t o  t h a t  
demonstrated i n  reference 1. 
Fg by a f ac to r  of 2.5 and FZ by 
It should be 
They are merely two 
The adjusted gains were l imited at  the  
Conceivably there  axe other combinations of 
An I B M  7094 d i g i t a l  computer program w a s  used t o  check the  analog computer 
r e s u l t s .  
the  v a l i d i t y  of t he  simpler storage of t h e  analog computer. Since the  d i g i t a l  
and analog r e s u l t s  compared qui te  well, t he  analog storage i s  considered valid.  
Many more than 17 points  were used, making it possible t o  ascer ta in  
An attempt w a s  made t o  fu r the r  simplify the  guidance gains by approximat- 
ing each gain shown i n  f igure  4 with a s ingle  s t ra ight  l i n e .  Several d i f f e r -  
ent  combinations of s ingle  s t r a igh t  l i ne  approximations were investigated but 
i n  each case the  guidance capabi l i ty  w a s  g rea t ly  reduced i n  comparison with 
the  l inear  theory capabi l i ty .  This gives some indicat ion of t he  importance of 
the shape of t he  guidance gain curves. 
VEHICLF: CHARACTERISTICS AND EQUATIONS OF MOTION 
If the  vehicle i s  assumed t o  be a point m a s s ,  and the  moon t o  be 
spherical  and nonrotating, the  resu l t ing  equations of motion are  : 
' T cos 0 cos 4f - sin V =  
m r2 
* 
X = r m Y  = - r m  V cos y cos f r cos A 
6 
7 V 
* Y  
Ini t ia l  t rajectory plane 
X 
% 
Sketch (b )  
I T 
The m a s s  rate i s  given by 
6 = m i  - J(T/geIsp)dt, where 
equals 425 seconds. 
the  equations of motion i s  shown i n  
sketches (a ) ,  ( b ) ,  and ( c )  . Sketch (a)  
presents t he  axis system f o r  the  tra- 
jectory equations. The coordinate sys- 
tem i s  centered at the  center of the  
moon. 
angle y and heading angle ( .  Thrust 
angle or ientat ion i s  shown i n  sketch (c). 
Thrust p i tch  angle 8 i s  the  angle 
between the  ve loc i ty  vector and the  
projection of t he  th rus t  vector i n  the  
v e r t i c a l  plane. 
$ 
vector and the  v e r t i c a l  plane. 
ISp 
The geometry for 
Sketch (b )  defines f l ight-path 
The th rus t  yaw angle 
i s  the  angle between t h e  th rus t  
The vehicle i s  assumed t o  have a 
gimballed, var iable- thrust  rocket 
engine. No  t h r o t t l e  r a t i o  w a s  imposed 
but  the minimum th rus t  was l imited t o  
1.11x104 N (2,500 l b )  which w a s  one- 
ten th  the reference thrus t .  The guid- 
ance system ac tua l ly  required a maximum 
thrust  of 156,000 N (35,000 l b )  t o  
achieve the fKi1 three-dimensional capa- 
b i l i t y  shown elsewhere i n  t h i s  report .  
A maximum th rus t  of 142,000 N (32,000 
lb) w a s  required f o r  the two-dimensional 
capabi l i ty  . Two-dimensional capabi l i ty  
for ranges longer than the reference 
range required maximum th rus t  t o  be l e s s  
than lll,OOO N (25,000 l b ) .  
-" perilune of an e l l i p t i c  H O ~ "  t r a j e c -  
t o r y  i s  i l l u s t r a t e d  i n  f igure  5 (a) .  
The capabi l i ty  i s  presented i n  t e r m s  of 
the  i n i t i a l  a l t i t u d e  and range limits 
from which it i s  possible t o  meet t he  
a l t i t ude  and range cons t ra in ts  of t h e  
Sketch ( c )  aforementioned t a rge t  area. I n i t i a l  
RESULTS 
Two-Dimensional Guidance Capability 
The two-dimensional guidance 
capabi l i ty  of t he  guidance ,system when 
the  descent maneuver is  i n i t i a t e d  at 
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values of a l t i t u d e  and ve loc i ty  correspond t o  the Hohmann t r a j ec to ry  with 
perilune a t  t h a t  point .  Since the  descent w a s  always i n i t i a t e d  a t  perilune,  
the vehic le ' s  i n i t i a l  f l igh t -pa th  angle and v e r t i c a l  veloci ty  are zero. 
The smaller capabi l i ty  indicated by the shaded area w a s  obtained from the 
l i nea r  theory guidance gains of f igure  4. The increased capabi l i ty  indicated 
by the boundaries labeled "limits of investigation," which include the  shaded 
area, w a s  obtained by increasing the gain Fa by a f ac to r  of 2.5. 
The heavy black l i n e s  of f igure  5(a) ind ica te  limits of capabi l i ty  
defined by the invest igat ion.  
a lso indicated. 
The t a rge t  constraints  which were exceeded aze 
For the guidance capabi l i ty  i n  f igure  5(a)  numerous i n i t i a l  points were 
considered a t  three d i f f e ren t  perilune a l t i tudes ;  the reference value and the 
two a l t i t udes  corresponding t o  the a l t i t u d e  limits of investigation, namely, 
12,200 m (40,000 f t )  and 33,500 m (110,000 f t ) .  
were varied a t  in te rva ls  of approximately 40 km (25 s t a t u t e  miles) across the 
region of capabi l i ty .  A br ie f  check w a s  made of the r e su l t s  fo r  t r a j ec to r i e s  
whose perilune a l t i t ude  w a s  intermediate t o  the three discussed above and aLso 
of t r a j ec to r i e s  whose i n i t i a l  range t o  go w a s  intermediate t o  the in te rva ls  of 
40 km. Results f o r  these intermediate t r a j ec to r i e s  correlated well with the 
basic  data. The consistency of r e su l t s  f o r  this la rge  amount of data indicates  
t ha t  guidance t o  the  t a rge t  area could be achieved from any point within the 
region of capabi l i ty .  
Figure 5(b)  i s  a comparison of the  guidance capabi l i ty  using the  l inear  
theory gains with capabi l i ty  as presented i n  reference 1 using l inear  theory 
gains.  
scheme presented i n  t h i s  repor t .  The improved capabi l i ty  i s  a r e s u l t  of 
taking in to  account vehicle mass perturbations i n  the  development of the  
guidance equations. The guidance r e s u l t s  from using empirically adjusted 
gains are not compared d i r e c t l y  as it would be extremely d i f f i c u l t  t o  determine 
which s e t  of guidance equations would yield grea te r  extended capabi l i ty .  The 
in ten t  here i s  t o  ve r i fy  t h a t  the  capabi l i ty  can be extended i n  the  manner 
shown i n  reference 1. 
I n i t i a l  range-to-go values 
As  indicated, t he  capabi l i ty  i s  generally grea te r  f o r  the  guidance 
Figure 5 ( c )  compares the  guidance capabi l i ty  f o r  t he  nominal t a rge t  with 
A s  indicated, the  capabi l i ty  i s  substant ia l ly  reduced 
The da ta  i n  f igure  5 ( c )  a re  for the  l inear  
t h a t  f o r  two t a rge t s ,  the  dimensions of which a re  one-half and one-fourth of 
the  nominal dimensions. 
when guiding t o  a smaller t a r g e t .  
theory gains .  
In f igure  5(d)  t he  same comparison i s  made f o r  capabi l i ty  using the  
empirically adjusted gains.  In t h i s  case the  capabi l i ty  i s  not a l te red  by 
t a rge t  s i z e .  
The two-dimensional guidance capabi l i ty  of the  system when the  descent i s  
i n i t i a t e d  at a point other than perilune is  presented i n  f igure  6 i n  terms of 
the  i n i t i a l  a l t i t ude  and range l i m i t s  from which it i s  possible t o  meet the  
a l t i t ude  and range constraints  of the t a r g e t  a rea .  Since the  descent i s  not 
i n i t i a t e d  at perilune,  i n i t i a l  f l igh t -pa th  angle and v e r t i c a l  ve loc i ty  are 
not zero.  For t he  purposes of t h i s  phase of the  invest igat ion it w a s  assumed 
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that the Hohrnann t ransfer  i s  always i n i t i a t e d  a t  the same apolune point 160 km 
(100 s t a t u t e  miles) above the  lunar  surface.  
determined by the  Hob" t r a j ec to ry  passing through t h a t  point.  
f l igh t -pa th  angle along three of the Hohmann t r a j ec to r i e s  considered are  given 
i n  f igure  7. 
sidered. 
6 m/sec (-75 f t / s ec  t o  20 f t / s e c ) .  
the calculated gains of f igure  4 and the increased capabi l i ty  indicated by the 
boundaries labeled "limits of the investigation, I' which include the  shaded 
area, w a s  again obtained by increasing the  gain FE by a f ac to r  of 2.5. Again 
the  heavy black l i n e s  ind ica te  defined l i m i t s  of capabi l i ty  and the constraints  
which define the l i m i t s  are a l so  indicated.  
Therefore, i n i t i a l  conditions a re  
Values of 
I n i t i a l  f l igh t -pa th  angles ranging from -0.8' t o  0.1' were con- 
The corresponding ver t ica l  ve loc i t ies  ranged from -23 m/sec t o  
The smaller capabi l i ty  indicated by the shaded area  resu l ted  from using 
The guidance capabi l i ty  presented i n  f igure  6 w a s  determined i n  a manner 
similar t o  that used f o r  f igu re  5(a) .  
points along three t r a j ec to r i e s  whose perilunes were located a t  the reference 
range from the ta rge t .  
22,900 m (75,000 f t )  , and 30,500 m (100,000 f t ) .  The in t e rva l  between values 
of i n i t i a l  range t o  go w a s  again approximately 40 km (25 s t a t u t e  miles) .  
the  consistency of the data indicates  the vehicle can reach the t a rge t  a rea  
from any point within the region of capabi l i ty .  
Descents were i n i t i a t e d  a t  numerous 
The perilune a l t i t udes  were 12,200 m (40,000 f t ) ,  
Again 
In  both f igure 5(a) and f igure  6, the  only l i m i t  of capabi l i ty  when the  
i s  used i s  fo r  shorter  ranged t r a j e c t o r i e s  than the  reference.  gain 2.5 Fe h 
This l i m i t  w a s  defined by f a i l u r e  t o  meet range cons t ra in ts .  Elsewhere the  
capabi l i ty  extends t o  the  l i m i t s  of t he  invest igat ion.  
Three-dimensional guidance capabi l i ty .  - The r e s u l t s  discussed thus f a r  
are f-imensional t r a j e c t o r i e s .  
i n i t i a l  l a t e r a l  displacement out of t h e  plane of t he  reference t r a j ec to ry .  
Descent i s  i n i t i a t e d  a t  per i lune.  The i n i t i a l  conditions of f igures  8 (a) ,  
8 (b ) ,  and 8 (c )  are  iden t i ca l  t o  those of f igure  5(a)  with an added i n i t i a l  
l a t e r a l  displacement. 
ance capabi l i ty  f o r  th ree  d i f f e ren t  perilune a l t i t udes  i n  terms of t he  i n i t i a l  
l a t e r a l  displacement and range l i m i t s  from which it i s  possible t o  guide t o  
the  specified t a rge t  a rea .  The smaller capabi l i ty ,  indicated by the  dashed 
l i nes ,  w a s  obtained using the  values of F: and F' given i n  f igure  4. The 
wider capabi l i ty  f o r  each a l t i t u d e ,  indicated by the  so l id  l i nes ,  w a s  obtained 
by increasing Ff by a f ac to r  of 1.5. This f ac to r  w a s  one of t he  more effec-  
t i v e  values discovered by increasing and decreasing Fy and F'
Other combinat ions of gain adjustments might give equally good increased 
capabi l i ty  but,  again, no attempt w a s  made t o  obtain an optimum s e t  of gains .  
In  a l l  three-dimensional work, t he  gain 2.5 
Now consider t r a j e c t o r i e s  which have an 
Figures 8( a)  , 8(b ) ,  and 8( c )  present t he  l a t e r a l  guid- 
5 
$ separately.  t; 
FE w a s  a l so  used. 
The cons t ra in ts  which were exceeded i n  defining the  l i m i t s  of capabi l i ty  
are indicated i n  f igure  8. 
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A comparison of f igures  8(a), 8(b) ,  and 8(c )  shows t h a t  l a t e r a l  capabili ty 
i s  greater  a t  lower d t i t u d e s  f o r  short  ranged t r a j ec to r i e s  and greater  a t  
higher a l t i t udes  for longer ranged t r a j ec to r i e s  when the gain 1.5 F* Y 
When the  l i n e a r  values of F$ 
higher a l t i t udes .  
i n i t i a l  displacement. This i s  the l a t e r a l  capabi l i ty  f o r  a descent whose 
perilune i s  a t  33,500 m (~10,000 f t )  a l t i t u d e  located 900 km (560 statute miles) 
from the t a rge t .  I n  general, the  system has a l a rge  l a t e r a l  capabi l i ty  with 
l i n e a r  theory gains which may be increased with adjusted gains. 
pointed out  i n  the  next sect ion tha t  f u e l  consumption i s  g rea t ly  increased for  
t r a j ec to r i e s  having i n i t i a l  l a t e r a l  displacements. 
consumption may l i m i t  the  useful  la teral  capabi l i ty .  
i s  used. 
i s  used, the capabi l i ty  i s  generally l a rge r  f o r  
The m a x i m  l a t e r a l  capabi l i ty  i s  160 km (100 s t a t u t e  miles) 
It w i l l  be 
This increased f u e l  
An important conclusion of the study of la teral  range guidance i s  tha t  
the addition of the t h i r d  dimension t o  be coritrolled does not reduce i n  any 
way the  two-dimensional guidance capabi l i ty .  
FUEL F3QUIREMENTS 
Figures 9(a) ,  g (b ) ,  and 9( e )  present the  addi t ional  charac te r i s t ic  
veloci ty ,  AV,, required fo r  the l a t e r a l  range capabi l i t i es  with the adjusted 
gain 1.5 F* i n  f igu re  8. Additional. veloci ty ,  AV,, i s  defined as V, of the 
ac tua l  t r a j ec to ry  minus 
where VC = geIsp 2n(mi/mf). The cmves shown represent AV, as a function 
of i n i t i a l  la teral  range, Y i ,  and i n i t i a l  range t o  go, X T G ~ .  
cate  t h a t  the guidance system requires l i t t l e  
required t o  change o r b i t a l  plane. The maxi" OV, required f o r  the two- 
dimensional t r a j ec to r i e s  of f igure  5 i s  only 21 m (70 f t )  per second. 
tem can cope with i n i t i a l  l a t e r a l  displacements of 24 t o  40 km (15  t o  25 
s t a t u t e  miles) with only a small addi t ional  AV,. However, as i n i t i a l  l a t e r a l  
displacement increases, the charac te r i s t ic  veloci ty ,  which i s  a measure of 
f u e l  consumption, becomes an important consideration and may l i m i t  the  l a t e r a l  
capabi l i ty .  The l a rge  increases i n  AV, with i n i t i a l  l a t e r a l  displacements 
r e s u l t  f romthe  necessi ty  t o  change the plane of the t ra jec tory .  
Y 
Vc of the reference t ra jec tory ,  AV, = Vca - Vcr, 
The f igures  indi-  
AV, i f  the vehicle i s  not 
The sys- 
CONCLUDING REMARKS 
A three-dimensional guidance scheme f o r  the descent from lunar o r b i t  t o  
hover has been investigated.  
l i n e a r  perturbation theory t o  a s ingle  nominal or reference t ra jec tory .  
shown t h a t  the scheme has guidance capabi l i ty  beyond t h a t  required f o r  lunar  
descent of the  type proposed f o r  the TXM. Thrust acceleration, A t ,  a readi ly  
measured quantity,  and thrust or ien ta t ion  angles a re  used as control variables. 
With t h i s  scheme a hover point near the lunar surface can be preselected from 
a wide range of i n i t i a l  conditions; empirical weighting of the computed guid- 
ance coeff ic ients  would compensate f o r  i n i t i a l  ranges of 240 t o  900 km (1.50 t o  
560 s t a t u t e  miles) from the t a rge t ,  from a l t i t udes  of 12,200 t o  33,500 m 
(40,000 t o  ll0,OOO f t ) ,  and i n i t i a l  l a t e r a l  displacements up t o  160 km 
(100 s t a t u t e  miles) outside the plane of the reference t ra jec tory .  
The guidance scheme w a s  developed by applying 
It i s  
10 
h . . .. .. .. -.Is . 1...1..1-.--.1 I ,.....,, I I,, I .. . . . . . . 
I 
Range and a l t i t ude  guidance i s  accomplished with only a nominal increase in 
f u e l  consumption but l a t e r a l  displacements require more. 
An important resul t  of t h i s  study i s  t h a t  t he  addition of a t h i r d  
dimension t o  the  guidance does not reduce the  two-dimensional capabi l i ty .  
Empirically adjusted gains permit guidance t o  a much smaller t a rge t  area 
with only a s m a l l  decrease i n  guidance capabi l i ty .  
Since only a s ingle  nominal t r a j ec to ry  i s  used, l i t t l e  onboard computer 
storage capacity i s  required.  
Ames Research Center 
National Aeronautics and Space Administration 
Moffett F ie ld ,  C a l i f . ,  Sept. 7, 1965 
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APPENDIX 
DEVELOPMENT OF SPECIFIC CONTROL EQUATION 
It i s  desired t o  develop a terminal guidance system based on the  applica- 
t i o n  of l inear  perturbation theory to t he  reference t r a j ec to ry .  The l i nea r  
perturbation equations which describe the  motion of a body near a nominal tra- 
jectory are  the  t o t a l  d i f f e r e n t i a l s  of t he  equations of motion. 
the  form: 
They are  of 
or  
where 
and 
The control  var iables  a re  th rus t  acceleration, 4, thrus t  p i tch  angle, 
8, and th rus t  yaw angle, $. The use of t h rus t  acceleration as a control  var i -  
able s implif ies  the  control  equations by allowing t h e  e f f ec t  of perturbations 
i n  m a s s  and th rus t  t o  be combined into a s ingle  term, &-IT. 
T o t a l  veloci ty ,  V, i s  the  independent var iable  i n  the  control  equations. 
The equations of motion a re  wri t ten thus: 
o r  
p' - P   - + 
where 
to t o t a l  velocity,  V .  
p = h, X, y ,  A, 5 and the  prime r e f e r s  to di f fe ren t ia t ion  with respect 
The l inear  perturbation equations now become : 
I 
or  
where 
and 
The p a r t i a l  der ivat ives  are evaluated f o r  the  constant - thrust  gravity- 
t u rn  reference t r a j ec to ry .  
and,since a planar t r a j ec to ry  i s  assumed, 
c i en t s  of equation (A5) are  found t o  be : 
By defini t ion,  8 = 180' on the  reference t r a j ec to ry  
= ( = $ = 0 .  The nonzero coef f i -  
-v cos  y + -  2P cos y 
ah t f2  
- 1 P  P -,V s i n  y + - -z s in  y - cos yi. V r  r2 
3, 
.i, $ cos y - arl - r2 V r 3  A31 - - - 
- arl = ~~ + A33 - - aY + 
In matrix form the  linear perturbation equations are: 
A13 
A23 
A33 
0 
0 
0 
0 
0 
0 
A54 
A45 ]II' 
0 
+ 
- - 
B11 0 0 
B21 0 0 
B31 B32 0 
0 0 0 
0 0 B53 - 
':] (A6) 
:$ 
They are  l inear  d i f f e r e n t i a l  equations with variable coef f ic ien ts  . It 
should be noted t h a t  t he  last t w o  equations are uncoupled f rom the  others ,  
indicating t h a t ,  t o  f i r s t  order, t he  heading angle 
Y 
t rue  f o r  a planar reference t r a j ec to ry .  
5 and l a t e r a l  displacement 
are independent of range, a l t i t ude ,  and f l ight-path angle. This i s  only 
Values of 6h, 6X, 67, 6Y, and 65 at  t h e  f i n a l  veloci ty ,  V f ,  can be 
determined, i f  t h e i r  values are known at some i n i t i a l  veloci ty ,  V i ,  by se t t i ng  
 AT = 66 = 6$ = 0 .  
s t a t e  var iables  can be found by solving the  perturbation equations with a l l  
other var iables  i n i t i a l l y  equal t o  zero. 
The e f f ec t  of a control  var iable  on the  f i n a l  values of the  
This method of computing control  increments must be repeated f o r  every 
new V i  because of the  var iable  coeff ic ient  equations. It becomes extremely 
cumbersome t o  calculate  control  increments at every point along the  t r a j ec to ry .  
This may be avoided i f  the  method of adjoint  functions i s  used (see r e f .  8 ) .  
One solution of t he  equations adjoint  t o  the  l inear  perturbation equations 
y ie lds  a l l  the  required information. 
In matrix form ';he equations adjoint  t o  the  l inear  perturbation equa- 
t i ons  (A6) are :  
- 
All A21 A31 0 
0 0 0 0 
A13 A23 A33 0 
0 0 0 0 A54 
0 0 0 A45 0 - 
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Equations (A6)  m a y  be wr i t ten  
and equations (A7)  may be wr i t ten  
5 
+ 1 ajkhj = 0 
j=1 
Now multiply (A8) by hk and (Ag) by xk; then add and sum over k: 
The second term i n  (A10)  i s  zero since 
same range. Therefore (A10)  becomes 
j and k are  summing indices over the  
The left-hand side i s  a perfect  d i f f e r e n t i a l  so  wri te  ( A l l )  
Integrating ( A l l )  from V = V, t o  V = Vf gives 
5 5 5 3  1 hk(Vf>Xk(Vf> = 1 'k(VI>Xk(V1) +Lvf 1 1 'k(V)bkj(V)pj(V)dV ( A l 2 )  
k= 1 k= 1 1 k=1 j=1 
Equation ( A 1 2 ) ,  B l i s s '  fundamental formula, i s  the  basic  equation f o r  control 
about a reference t r a j ec to ry  (see r e f .  9 ) .  
Substi tuting values f r o m  (A7)  and (A8)  i n to  ( A l 2 )  gives the  following 
e quat ion : 
To cont ro l  t he  f ina l  a l t i t ude ,  h, range, X,  and l a t e r a l  displacement, Y, 
Ah = 1 and a l l  
we must solve equation ( A l 3 )  f o r  t he  f i n a l  e r ro r s  
V = V f .  
other A t  s are  ze ro ) .  Solving (813) i n  t h i s  manner f o r  6hf, SXf, and SYf 
y ie lds  the  following expressions: 
6hf, 6Xf, and 6Yf at 
Note t h a t  t h e  left-hand side of ( A l 3 )  equals 6hf ( i f  
T 
where the superscr ipts  on the  A ' s  r e f e r  t o  t he  f i n a l  e r ro r  being solved f o r .  
These equations give the  terminal values of t he  var iables  t o  be controlled as 
functions of i n i t i a l  deviations and of the control  var iab les .  
Given a desired f inal  value of t he  s t a t e  var iables  t o  be controlled,  
there  are  any number of control  variable functions which can be used t o  a t t a i n  
the  desired f i n a l  values .  In  par t icu lar ,  there  a re  constant values of the  
control  var iables  over t h e  in t e rva l  which w i l l  r e su l t  i n  the  
desired f i n a l  values of the  controlled s t a t e  var iab les .  The l i nea r i ty  of the  
equations allows the  addition of the  separate conditions t o  determine the  con- 
stant values of t he  cont ro l  var iables  t h a t  w i l l  eliminate off -design conditions 
i n  the  controlled state var iables  at the  f i n a l  ve loc i ty .  The guidance system 
then c a l l s  f o r  control  increments which, i f  held constant, w i l l  j u s t  eliminate 
e r ro r s  i n  the  controlled s t a t e  var iables  at the  f i n a l  ve loc i ty .  
V _< V1 5 Vf 
Equations (A14) w i l l  be solved f o r  the  constant control var iables  &IT, 
&, and A$. A shorthand notation w i l l  be introduced f o r  the  sums and in tegra ls  
of equations (A14) as f o l l o w s :  
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Equations ( A 1 4 )  may now be wri t ten:  
6hf = Em f ~ A T I T H  f 6GIQH 
( u 5  1 
. 
6Xf = E= + 
6Yf = Em + G’$I$y 
+ 68Iex 
If 
var iables  : 
6~ and 6Yf are  t o  be zero, equation ( A l 5 )  must be solved f o r  t he  control  
J 
When equations (~16) are  expanded and l i ke  terms are  col lected,  equations (~16) 
m a y  be simplified as follows: 
I I l111111111111l11111ll I I1 l1111lIlI 
Equations (A17)  w i l l  be used -to develop the  guidance system. 
l e t  
Ln equations (Al7) 
X h 
AT - b . I B H  - hhIQX . .  
Fh - D 
where 
= %H1ex - k l e H  
Substi tuting i n  equations (A17) gives: 
J 
These equations are used t o  compute cont ro l  variable corrections and, 
when added t o  reference t r a j ec to ry  values of the  control  var iables ,  give the  
following contr ol equations : 
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AT AT 
( A19 ) i +(V)  = b r ( V )  + F F ( V ) s h  +FX (VIS% + F y  @(V)  = e r ( V )  + Fh(V)6h e + Fg(V)EXrC, + F;(V)Gy $(V)  = $,(V) + F:(V)GY + F'(V)E( 5 
These a re  the  specif ic  cont ro l  equations used i n  t h i s  invest igat ion.  
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Figure 6 .  - Guidance capabi l i ty  - descent i n i t i a t e d  at point other than per i lune.  
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Figure 7.- I n i t i a l  f l ight-path angles investigated f o r  data of figure 6 .  
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Figure 8.- Lateral guidance capability. 
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Figure 8. - Continued. 
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Figure 8.- Concluded. 
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Figure 9.- AV, r equ i r ed  as func t ion  of i n . i t i a l  l a t e r a l  range and i n i t i a l  range t o  go. 
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Figure  9. - Continued. 
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Figure  9. - Concluded. 
“The aeronazitical and space actiuities of the United States shall be 
conducted so as io contribute . . . to the expansion of hrmian RnowI- 
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shall provide for the widest practicable aiid appropriate dissemination 
of information concerning its actiuities and the yesvlts thereof .” 
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